Energy supply systems are usually considered as individual sub-systems with separate energy vectors. However, 26 the use of Combined Heat and Power (CHP) units, heat pumps and electric boilers creates linkages between 27 electricity and heat networks. Two combined analysis methods were developed to investigate the performance of 28 electricity and heat networks as an integrated whole. These two methods were the decomposed and integrated 29 electrical-hydraulic-thermal calculation techniques in the forms of power flow and simple optimal dispatch.
Introduction 39
Energy supply systems are usually considered as individual sub-systems with separate energy vectors, 40 e.g. electricity, heat, gas or hydrogen. In the present Smart Grid vision [1] , the role of electricity is 41 most prominent with limited consideration of other energy networks. However, there are many 42 benefits to be gained by considering the energy system as an integrated whole. Energy flows supplied 43 from alternative sources can be controlled; therefore, security of energy supply could be increased. 44
The most energy efficient operating regime can be determined and energy losses, costs and emissions 45 could be minimised. Independent planning and operation of separate energy networks will unlikely 46 yield an overall optimum, since synergies between the different energy vectors cannot be exploited. 47
Thus, an integration of energy systems is highly desirable [2, 3] . 48
One of the examples of integrated energy networks is district heating systems with Combined Heat 49
and Power (CHP) units. CHP units, electric boilers and heat pumps connected to a district heating 50 system act as linkages between electricity and heat networks. Such integrated electricity and heat 51 networks with energy storage could contribute to more efficient utilisation of distributed energy. The 52
coupling components (CHP units, heat pumps, electric boilers and circulation pumps) increase the 53 flexibility for equalising the fluctuations from the renewable energy. As the penetration of the 54 renewable energy sources increases, the interaction of electricity and heat networks becomes tighter 55 and modelling of electricity and heat networks as a whole becomes more important. 56
Several approaches for modelling the integration of different energy systems have been published. 57
Examples include energy hubs [2], multi-energy systems and distributed multi-generation [4] [5] [6] , 58 community energy [4] , smart energy systems [7] , and integrated energy systems [8] . 59
A generic framework for steady-state analysis and optimisation of energy systems was investigated by 60
Geidl and Andersson [2] . The coupling between multiple energy carriers was modelled using energy 61
hubs. Using the energy hub concept, input power of electricity, natural gas and district heat is 62 converted to electricity and heat output power through an efficiency coupling matrix. The model 63
showed the potential for reduction of overall energy cost and emissions. 64
Smart multi-energy and distributed multi-generation systems were described by Mancarella et al [4] [5] [6] . 65
In multi-energy systems, coupling of electricity, heating, cooling and gas networks takes place 66
through various distributed technologies such as CHP, micro-CHP, heat pumps, solar thermal, 67 photovoltaic and energy storage systems. A holistic overview from an energy, environmental, and 68 techno-economic perspective was provided. 69
Several methods were developed to investigate combined electricity and natural gas networks [2, 13], where gas turbine generators are the linkages between the gas and electricity networks. An 71
approach was used to execute a single gas and power flow analysis in a unified framework based on 72
the Newton-Raphson formulation [12] . 73
A few studies investigated the combined electricity and heat networks, e.g. an integrated optimal 74 power flow of electricity and heat networks [14] . The integration of technical design, greenhouse gas 75 emission analysis and financial analysis for integrated community energy systems was modelled by 76
Rees [15, 16] . In these models the electrical, thermal and gas power flows were calculated 77 independently and linked through generating units. 78
Two methods for combined analysis were developed to investigate the performance of electricity and 79 heat networks. The methods were based on the hydraulic-thermal model of heat networks and the 80 electrical power flow model. The decomposed analysis method is to solve the independent hydraulic 81 equations, thermal equations, and electrical power flow equations sequentially. The integrated analysis 82 method is to solve the combined hydraulic equations and thermal equations, and electrical power flow 83 equations simultaneously as an integrated whole. In this paper the description of both methods and the 84 results of analysis using a case study were presented. 85
Combined Electricity and District Heating Networks

86
A schematic drawing of combined electricity and district heating networks is shown in Figure 1 . The 87 electricity and heat networks are linked through the coupling components (e.g., CHP units, heat 88 pumps, electric boilers and circulation pumps), which are represented as the Sources in Figure 1 . In the case of islanded operation of the electrical network, two CHP units are chosen as the slack 104 busbar and the slack node (Source 1 and Source 2 in Figure 1 ). In grid-connected mode as shown in 105 Figure 2 , the electricity slack busbar is chosen as the grid connection point, so there is no heat 106 generated at the electricity slack busbar. Therefore, the grid-connected mode can be considered as a 107 simplified special case of islanded operation. 108
Other than the CHP unit being the electricity slack busbar, CHP units with adjustable real power 109 output and voltage magnitude are classified as PV busbars; the other CHP units such as micro-CHP 110 are classified as PQ busbars with given real and reactive power output. islanded mode, the heat power generated by Source 2 (at the electricity slack busbar) is determined by 115 the electrical power generated from this unit. Similarly, the electrical power generated from Source 1 116
(at the heat slack node) is a function of the heat network. Neither the heat network nor the electricity 117 network can be analysed without taking into account the other network. 118
The power flow formulation of a district heating network is similar to that of an electrical network. 119
The AC electrical power flow model for electrical networks is well established [18, 19 ]. An integrated 120
hydraulic-thermal calculation technique of district heating networks, the so-called thermal power flow 121 was described in this paper. Based on these two power flows, an integrated electrical-hydraulic-122 thermal calculation technique, the so-called integrated power flow was developed using the Newton-123
Raphson method. In the integrated power flow, the known and unknown variables of electricity and 124
heat networks are shown in Table 1 . 125 
126
The analogues of three types of busbars and nodes in the electrical and thermal power flows are shown 127
in Table 2 . Each type of busbar and node is classified according to two known quantities. 128 considers all loops simultaneously [20] . The decomposed hydraulic and thermal analysis of a pipe 140 network using the Newton-Raphson method is described in [21] . 141
An integrated hydraulic-thermal model of district heating networks, solved by the Newton-Raphson 142 method, was used in this study. In the hydraulic model, the network description is based on a graph-143 theoretical method. In the thermal model, a matrix approach was used. 144
Hydraulic Model 145
Continuity of Flow
146
The continuity of flow is expressed as: the mass flow that enters into a node is equal to the mass flow 147 that leaves the node plus the flow consumption at the node. For the entire hydraulic network, the 148 continuity of flow is expressed as 149
̇=̇
(1)
where A is the network incidence matrix that relates the nodes to the branches; ̇ is the mass flow 150
(kg/s) within each pipe; ̇ is the mass flow (kg/s) through each node injected from a source or 151 discharged to a load. 152
Loop Pressure Equation
153
Head loss is the pressure change in meters due to the pipe friction. The loop pressure equation states 154 that the sum of head losses around a closed loop must be equal to zero. For the entire hydraulic 155 network, the loop pressure equation is expressed as 156 = 0
(2) where B is the loop incidence matrix that relates the loops to the branches; and h f is the vector of the 157 head losses (m). 158
Head Loss Equation
159
The relation between the flow and the head losses along each pipe is 160
where K is the vector of the resistance coefficients of each pipe. K generally depends largely on the 161
diameter of a pipe. The resistance coefficient K of a pipe is calculated from the friction factor f. The 162
details are described in reference [25] . 163
Hence, Equation (2) is expressed as 164
where n pipe is the number of pipes; i is the index of loops and j is the index of pipes. 165
Thermal Model 166
The thermal model is used to determine the temperatures at each node. There are three different 167
temperatures associated with each node (Figure 3 ): the supply temperature (T s ); the outlet temperature 168 (T o ) and the return temperature (T r ) [26] . The outlet temperature is defined as the temperature of the 169 flow at the outlet of each node before mixing in the return network. Usually, the supply temperatures 170
at each source and the return temperatures at each load before mixing are specified in the thermal 171 model [20, 22, 27, 28] . The load return temperature depends on the supply temperature, the outdoor 172 temperature and the heat load [29] [30] [31] [32] . For simplicity, the return temperature is assumed to be known 173 at each load. 
where Φ is the vector of heat power (W th ) consumed or supplied at each node; C p is the specific heat 178 of water (J kg -1 °C -1 ), C p = 4.182 × 10 -3 MJ kg -1 °C -1 ); and ̇ is the vector of the mass flow rate (kg/s) 179 through each node injected from a supply or discharged to a load. 180
The temperature at the outlet of a pipe is calculated using equation [20, 32, 33] . 181
where T start and T end are the temperatures at the start node and the end node of a pipe (°C); T a is the 182 ambient temperature (°C); λ is the overall heat transfer coefficient of each pipe per unit length (W m -1 183 °C -1 ); L is the length of each pipe (m); and ̇ is the mass flow rate (kg/s) within each pipe. 184 Equation (6) shows that if the mass flow rate within a pipe is larger, the temperature at the end node of 185 the pipe is larger and the temperature drop along the pipe is smaller. 186
For brevity, denoting
written as 188
The temperature of water leaving a node with more than one incoming pipe is calculated as the 189 mixture temperature of the incoming flows using Equation (8). Temperature at the start of each pipe 190 leaving the node is equal to the mixture temperature at the node [20, 32, 34]. 191
where is the mixture temperature of a node (°C); ̇ is the mass flow rate within a pipe leaving 192
the node (kg/s); is the temperature of flow at the end of an incoming pipe (°C); and ̇ is the 193 mass flow rate within a pipe coming into the node (kg/s). 194
For a district heating network, the thermal model determines the supply temperatures at each load and 195 the return temperatures at each load and source. The assumptions are that supply temperatures at each 196 source and return temperatures at each load before mixing are specified, as well as mass flow rates 197
within each pipe [20, 22, 27, 28] . The problem becomes complex when the thermal model equations 198
are applied to a district heating network with arbitrary topology. Therefore, a matrix formulation of a 199 thermal model was used. Furthermore, a general program for the thermal model in a district heating 200 network was developed in MATLAB. 201
Hydraulic-Thermal Model 202
For a district heating network, the objective of the hydraulic-thermal model is to determine the mass 203 flow rates ̇ within each pipe, the load supply temperatures and the source return temperatures. It is 204
assumed that the source supply temperatures and the load return temperatures are specified; the mass 205 flow rates ̇ or the heat power Φ are specified at all nodes except the slack node [20, 22, 27, 28].
206
The slack node is defined to supply the heat power difference between the total system loads plus 207
losses and the sum of specified heat power at the source nodes. 208
If the nodal injected mass flow rate ̇ is specified, the hydraulic-thermal model calculations are 209 performed independently [21, 34] . Firstly, the pipe mass flow rate ̇ is calculated by the hydraulic 210 model. Then, the results of the hydraulic model ̇ are substituted into the thermal model. Finally, the 211 load supply temperatures and the source return temperatures are calculated by the thermal model. 212
Alternatively, if the heat power Φ consumed or supplied at each node is specified, two methods are 213 adopted to perform the calculation of the hydraulic-thermal model. Conventionally, the calculation is 214
through an iterative procedure -referred to as the decomposed hydraulic-thermal method -between 215 the individual hydraulic and thermal models [22] . In this paper, an integrated hydraulic-thermal 216 method was proposed, in which the hydraulic and thermal models were combined in a single system 217 of equations. The two methods were described together with the integration of the electrical power 218 flow model in Section 5. 219
The integrated calculation combines the individual hydraulic and thermal analyses using the Newton-220
Raphson approach. It takes into account the coupling between the individual hydraulic and thermal 221
analyses. For instance, the thermal calculation cannot be performed without knowing the pipe mass 222
flows. The hydraulic calculation cannot be performed without knowing temperatures under the 223 assumption that the nodal heat power is specified. 224
The proposed methods can handle the initial conditions with arbitrary flow directions. During each 225 iteration, the network incidence matrix A and the loop incidence matrix B are updated according to the 226 signs of the pipe mass flow rates. Based on matrix A, the formulation of the temperature mixing 227
equations in the thermal model is updated at each iteration. 228
Electrical Power Flow Analysis
229 Given a power system described by an admittance matrix, and given a subset of voltage magnitudes, 230 voltage angles and real and reactive power injections, the electrical power flow determines the other 231 voltage magnitudes and angles, and real and reactive power injections. 232
The voltage V at busbar i is given by 233
where |V| is the voltage magnitude (p.u.). θ is the voltage angle (rad). j is the imaginary unit. 234
The current injected into the network at busbar i is given by 235
where N is the number of busbars in the electricity network; Y is the admittance matrix that relates 236 current injection at a busbar to the busbar voltage. Current injections may be either positive (into the 237 busbar) or negative (out of the busbar). 238
Thus, the calculated complex power injected at busbar i is 239
Equation (11) constitutes the polar form of the electrical power flow equations. 240
The specified complex power being injected into the network at busbar i is the complex power 241 difference between the source and the load. 242
Following Equations (11) and (12), the electrical complex power mismatches ∆S i injected at busbar i 243 are denoted as the specified value minus the calculated value S i . 244
Following Equation (13), the diagonal and off-diagonal elements are calculated as [35] 245
Thus, the electricity Jacobian matrix is constituted as 246
where Real represents the real part of a complex expression and Imag represents the imaginary part of 247 a complex expression. 248
Hence, the iterative form of the Newton-Raphson method is 249
where θ is the vector of voltage angles at non-slack busbars; |V| is the vector of voltage magnitudes at 250 PQ busbars; ∆ is the vector of active power at non-slack busbars; and ∆ is the vector of reactive 251 power at PQ busbars. 252
5.
Combined Analysis
253
Two methods for combined analysis were developed to investigate the performance of electricity and 254
heat networks. The methods are based on the hydraulic-thermal model of heat networks and the 255 electrical power flow model. 256
For the power flow analysis, the electrical power at each busbar is specified except for the slack 257
busbar. Heat power is specified at each node except for the slack node. Thus, the linkages between 258 electrical and heat networks are the generation components (CHP units or electric boilers) at the slack 259 busbar or slack node, and the non-generation components such as the circulation pumps. 260
The assumptions for the example network shown in Figure 1 are as follows: 261 1) Source 1 is connected to the heat slack node and Source 2 connected to the electricity slack 262 busbar; 263 a. In grid-connected mode, Source 1 corresponds to a gas turbine CHP unit and Source 2 264
corresponds to the connection to the grid; 265 b. In islanded mode, Source 1 corresponds to a steam turbine CHP unit and Source 2 266 corresponds to a gas turbine CHP unit; 267
2) The heat-to-power ratio of the gas turbine CHP unit is constant and the gas turbine CHP unit can 268 be operated at partial load conditions to respond to electricity and heat load variation; 269
3) The fuel input rate to the steam turbine CHP unit is constant and the heat-to-power ratio of the 270 steam turbine CHP unit can be modulated; 271
4) The heat power generated by CHP units is fully utilised, without the waste of heat. 272
Two calculation techniques were developed to calculate the operating points of the electricity and heat 273 networks. 274 1. In the decomposed electrical-hydraulic-thermal method, the independent hydraulic equations and 275 thermal equations, and electrical power flow equations were calculated sequentially and linked 276
through the coupling components. The sequential procedure is iterated at each time step until the 277 solution converges to an acceptable tolerance. 278
2. In the integrated electrical-hydraulic-thermal method, the electrical power flow equations, the 279 hydraulic equations, and the thermal equations were combined and solved simultaneously as an 280 integrated whole. 281
The structure of the integrated electrical-hydraulic-thermal method is shown in Figure 4 
Decomposed Electrical-Hydraulic-Thermal Method 287
In grid-connected mode, the hydraulic-thermal model is solved first. Then these results are transferred 288
to the electricity network through the coupling components (CHP units, heat pumps, electric boilers 289 and circulation pumps). Finally the electrical power flow model is solved. In grid-connected mode, 290
any surplus or deficit in electrical power is supplied from the main grid and there is no heat generated 291
at the electricity slack busbar. Therefore, only one calculation is performed by the independent 292
hydraulic model, thermal model and electrical power flow model. 293
In islanded mode, the independent hydraulic and thermal model and electrical power flow model are 294 solved sequentially. This sequential procedure is iterated until the solution converges to an acceptable 295 tolerance. 296
The flowchart of the decomposed electrical-hydraulic-thermal method is shown in Figure 5 . Both 297 grid-connected mode and islanded mode are considered, and the islanded mode is highlighted in blue. In the flowchart shown in Figure 5 , the input data and the initialised variables are shown in Table 1 .
301
Based on these variables, the nodal mass flow rates ̇ are calculated using the heat power equation 302
(5). 303
The heat power from Source 1 at the heat slack node is denoted as ∅ 1,
. The electrical power 304
from Source 1 is denoted as 1, . The heat power from Source 2 at the electricity slack busbar is 305 denoted as ∅ 2, . The electrical power from Source 2 is denoted as 2, . Here, the electrical 306 power represents active power. Heat power from a Source is related with its generated active power 307
and vice versa. 308 Φ 1,source is calculated from the results of the decomposed hydraulic-thermal method using the heat 309 power equation (5). 310
where A 1,source is a row of the network incidence matrix A that relates Source 1 at the heat slack node; 311 1, and 1, are the supply temperature and return temperature at Source 1. 312
where 1 is the heat-to-power ratio of the gas turbine CHP1; Z is the ratio that describes the trade-off 314
between heat supplied to the site and the electrical power of the extraction steam turbine 315 CHP1[36]; is the electrical efficiency of the unit in full condensing mode; F in (MW) is the fuel 316 input rate of the steam turbine unit, which is held constant in this paper. 317
The total electrical power supplied from Source 1 is decreased by the pump electrical power 318 consumption and thus Equation (19) is 319
where is the electrical power consumed (MW e ) by the pump. 320 P 2,source is calculated from the results of the electrical power flow calculation using Equation (11), plus 321 the pump electrical power consumption. 322
In islanded mode, Φ 2,source is determined by P 2,source . 323
where 2 is the heat-to-power ratio of the CHP unit at Source 2. 324
In Figure 6 the procedure of determining the heat and electrical power generated from Source 1 and 325
Source 2 is illustrated. The left line that slopes downward describes the performance curve of an 326 extraction steam turbine CHP unit at Source 1 and the slope is equal to the negative of the Z ratio of 327
Source 1 (-Z). The right line that slopes upward describes the performance curve of a gas turbine CHP 328 unit at Source 2 and the slope is equal to the heat-to-power ratio of Source 2 ( 2 ). Following the flowchart as shown in Figure 5 , the steps used to solve the model as illustrated in Figure  333 6 are as follows: 334 1) Start with the known variables as shown in Table 1 and network parameters. becomes less than 345 the tolerance ε= 10 -3 . i = i + 1. 346
Integrated Electrical-Hydraulic-Thermal Method 347
In the integrated electrical-hydraulic-thermal method, the electrical power flow equations, the 348 hydraulic equations and the thermal equations were combined to form a single system of equations 349
and solved simultaneously as an integrated whole using the Newton-Raphson method. The structure of 350 the calculation technique is shown in Figure 4 and the flowchart is shown in Figure 7 . Both grid-351 connected mode and islanded mode are considered, and the islanded mode is highlighted in blue. 352 In grid-connected mode, any surplus or deficit in electrical power is supplied from the main grid and 355
there is no heat generated at the electricity slack busbar. Thus, the derivative of the heat power 356 mismatches with respect to the electrical variables is zero, which means the lower off-diagonal 357 submatrix of the integrated Jacobian matrix is zero. 358
While in islanded mode, the heat generated at the electricity slack busbar (Φ 2,source ) is a function of the 359 electricity network, which means the lower off-diagonal submatrix of the integrated Jacobian matrix is 360 nonzero. 361
The iterative form of the Newton-Raphson method is 362
where i is the iteration number; is the vector of state variables as shown in Equation (24); ΔF is the 363 vector of total mismatches as shown in Equation (25); and J is the Jacobian matrix as shown in 364
Equation (26). 365
Following the structure of the integrated electrical-hydraulic-thermal method as shown in Figure 4 , 366 ΔF is expressed as 367 
where is a matrix of coefficients for supply temperature calculation and is a matrix of 368 coefficients for return temperature calculation. Their calculations in detail were described in [25] . The 369
superscript sp represents specified. 370
Conventionally, for electrical power flow analysis, the vector in the active power mismatches is 371 specified. While for the integrated electrical-hydraulic-thermal method, in the mismatches Δ in 372
Equation (25), the element 1, of the vector is determined from the heat power generated at 373 the heat slack node and it is expressed as a function of the heat network. Thus, the derivative of the 374 electrical power mismatches (∆ ) with respect to the heat variables (̇) is nonzero ( 1,̇) . 375
Conventionally, for hydraulic and thermal analysis, the vector in the heat power mismatches is 376 specified. While for the integrated method in islanded mode, the element ∅ 2, of the vector is 377
expressed as a function of the electricity network. Thus, the derivative of the heat power mismatches 378 (∆ ) with respect to the electrical variables ( , | |) is nonzero. 379
The integrated Jacobian matrix is derived from the mismatches Δ . It consists of four submatrices: 380 electricity submatrix , electricity to heat submatrix ℎ , heat to electricity submatrix ℎ and heat 381
where the shaded block matrices are nonzero and the others are zero. The off-diagonal submatrix 383
highlighted in blue is zero in grid-connected mode and nonzero in islanded mode. 384
For ℎ , the vector of the nonzero elements 1,̇ is calculated using Equations (18) 
where A 1,source is a row of the network incidence matrix A that relates to Source 1 at the heat slack 386 node. In the return network, the term 1, is expressed as a function of the pipe mass flow rates 387 ̇ and the load return temperatures , ′ . For simplicity, the derivatives of the term 1, with 388 respect to ̇ and , ′ are very small and are neglected. 389
In the case of circulation pumps, the derivative of the term (the electrical power consumed by the 390 pumps) with respect to ̇ in Equations (19) and (20) is very small and is neglected. 391
For ℎ , in grid-connected mode, the heat power is not a function of the electricity network thus 392 ℎ = . In islanded mode, ℎ is nonzero and the vector of the nonzero elements is calculated using 393
Equations (21) and (22) 394
where the subscript represents Source 2 at the electricity slack busbar. 395
The procedure used to illustrate the example networks linked by a CHP unit only is shown in Figure 8 . 396
During each iteration, the electrical and heat power generated from two sources are obtained 397 simultaneously, which are represented as the points on the performance curves (the left line that slopes 398 downward and the right line that slopes upward) of two CHP units. Due to the scale of the graph, 399
starting from the 6th points on two lines, the two points on two lines are then simultaneously moved to 400 the next two points with the same index at each iteration. The iteration procedure is repeated until the 401 maximum absolute value of elements in the mismatches |Δ | becomes less than the tolerance ε = 10 -3 . 402 
Optimal Dispatch 406
As an addition to the power flow, the use of optimal dispatch was added to the combined analysis and 407 was solved by the Newton-Raphson method. The heat and electrical power generated from all sources 408
were unknown. For simplicity, the optimal dispatch of electricity generation only was considered in 409 this study. 410
The heat and electrical power generated from Source 1 and Source 2 and non-slack Source 3 were 411
unknown and their heat-to-power ratios were known (Table 3 ). Comparing to the power flow, it can be 412 seen that one more variable was added. Thus, one more equation was added to solve the problem. This 413 additional equation was formed using the equal-incremental-fuel-cost criterion [18, 19, 37] . 414 The equal-incremental-fuel-cost criterion states that for optimum economy the incremental fuel cost 417 should be identical for all contributing turbine-generator sets [18, 19] . In this paper, the equal-418 incremental-fuel-cost criterion is applied to the electrical power of Source 2 and Source 3 ( 2, 419 and 3,
). The electrical power of Source 1 ( 1, ) is calculated from the heat power of 420
). These are illustrated as shown in Figure 9 . 421 422 Figure 9 : Illustration of optimal dispatch for combined electrical and heat power 423 6.
Case study 424 To demonstrate the capabilities of the combined analysis, a case study was conducted. The 425
decomposed and integrated calculation techniques were used to investigate the electricity and district 426
heating networks, as shown in Figure 10 . The heat network is a low temperature district heating 427 network fed by three CHP units. 
Electricity Network 432
The schematic diagram of the electric power distribution network is shown in Figure 11 . The electrical 433 power is supplied to 5 lumped electrical loads through an 11/0.433kV transformer at each feeder. 434
Source 1 is connected to the 11kV distribution network through a 33/11.5kV transformer. Busbar ix is 435 the slack busbar. For the electricity network, the following assumptions were made: 439
1) The base apparent power is 1MVA and base voltage is 11kV. 440
2) The impedance of 185mm 2 cable is 0.164 + j0.080Ω/km [38] . 441
3) 33/11.5kV 15MVA transformer has an impedance of 18% and X/R ratio of 15 [38] . 
Heat Network 455
The schematic diagram of the heat network is shown in Figure 12 shown in Figure 12 . The total heat power of all loads is 2.164MW th . Node 1, node 11 and node 31 461 correspond to three sources. Node 1 is the heat slack node. 462
It was assumed that: 463 1) Supply temperature at each source: T s,source = 70°C. 464 2) Outlet temperature (return temperature before mixing) at each heat load: T o,load = 30°C. 465
CHP Units 466
For the gas turbine CHP unit at Source 1, the relation between the heat and electrical power generation 467 was calculated using the equation: 468
where 1 is the heat-to-power ratio, 1 = 1.3 [39, 40] . Φ CHP1 (MW th ) is the useful heat output. 469 P CHP1 (MW e ) is the electrical power output. Both variables are unknown in this case study. 470
For the extraction steam turbine CHP unit at Source 2, the Z ratio was used to calculate the heat output 471
[36]: 472
where 2 is the Z ratio, 2 = 8. 1 [36] . ∆∅ 2 is the increased heat recovery and ∆ is reduced electrical 473 power output. Φ CHP2 (MW th ) is the useful heat output. P CHP2 (MW e ) is the electrical power output. 474
Both variables are unknown in this case study. 2 is the electrical power generation of the 475 extraction unit in full condensing mode. In this mode, the heat generation is zero, thus ∅ 2 = 0. In 476 this case study, 2 = 0.6 ℎ . 477
For the reciprocating engine CHP unit at Source 3, the relation between the heat and electrical power 478 generation was calculated using the equation: 479
where 3 is the heat-to-power ratio, 3 = 1/0.79 [40] . Φ CHP3 (MW th ) is the useful heat output. 480 P CHP3 (MW e ) is the electrical power output. For the power flow, it is assumed that the electrical power 481 generated from Source 3 is 3, = 0.3 . Its calculated heat power is ∅ 3, = 482 3 3, = 0.3797 ℎ . For the optimal dispatch, these are unknown. 483
It is assumed the fuel cost functions of Sources are: 484
is the fuel cost of Source i (£/h). , and are constants. = 1,2, 3. It is assumed 485
Results
487
The Barry Island case study examined how electrical and heat demands in a self-sufficient system (no 488
interconnection with external systems) were met using CHP units. The results of the decomposed and 489 integrated methods were very close at 10 -3 precision and the results of the integrated method were 490
presented. The variables of the electrical and heat networks with reference to peak heat load 491 conditions were calculated as shown in Figure 13 . 492
For the power flow, the result of the heat and electrical power supplied from CHP units at Source 1, 493 Source 2 and Source 3 was shown in Figure 13 (a) , where the generation of Source 3 was given. 494
For the simple optimal dispatch, the results were shown in Figure 13 results as shown in Figure 13 (a) into the fuel cost function of the sources, the total fuel cost was 498 calculated as 170.60£/h. Comparing the two results, the solution of optimal dispatch saved 0.38£/h. 499
For the power flow, the results of the calculation of the pipe mass flow rates were shown in Figure 13  500 (c). The main flow route 1 -2 -5 -11 -13 -14 -19 -22 -25 -28 -31 -7 -5 was indicated using 501 bold lines. It is seen that in some pipes ( ○ 6 , ○ 24 and ○ 27 ) the flows were of opposite direction 502 compared with the initial guess, as shown in Figure 12 , and the mass flow rates were different. The 503 mass flow rate within pipe ○ 12 was increased due to the flow injection from Source 3. The mass flow 504 rate at node 31 was the largest since the heat power generated in Source 1 was the largest. 505
The results of the calculation of the supply and return temperatures at each node in the same main 506 flow route were shown in Figure 13 (d) . Node 22 is the end of two flow streams from Source 1 and 507
Source 2 in the supply network and the start of the two flow streams in the return network. The lowest 508 supply temperature and the highest return temperature were at node 22, where two opposite flow 509 streams met. 510
In the main route of the supply network (Figure 12) , the flows mix at nodes 5 and 22 only. The supply 511 temperature from node 1 to node 22 reduces gradually because of the heat losses. 512
In the same route of the return network, the flow mixing occurred at each node except node 13. Due to 513 the mixing and due to the assumption that the return temperature from the consumer was fixed, the 514 return temperature from node 22 to node 1 decreased unevenly. 515
Voltage magnitudes at each load and voltage angles at each busbar in the electricity network were 516 calculated. 517 518 Figure 13 : Results of the Barry Island case study
519
To validate the results of the heat network analysis, the same heat network as shown in Figure 12 was 520 built using commercial software SINCAL [22] . The heat power of the CHP unit at Source 1 was 521 specified in SINCAL based on the calculated value from the combined analysis (Φ CHP1 = 522
1.0553MW th ). The results of the heat network obtained using the combined analysis were the same as 523 that obtained by SINCAL at 10 -3 precision. 524
To validate the results of the electricity network analysis, the same electricity network as shown in 525 Figure 11 , was built using commercial software IPSA [41] . The electrical power of the CHP unit at 526
Source 2 was specified in IPSA based on the calculated value from the combined analysis (P CHP2 = 527 0.5000MW e ). The results of the electricity network obtained using the combined analysis were the 528 same as that obtained by IPSA. 529
Two methods were used in this study: decomposed and integrated. The convergence characteristics of 530 both methods were compared as shown in Figure 14 . In the power flow, the decomposed method was 531 solved in 33 iterations. The integrated method was solved in 14 iterations. In the optimal dispatch, the 532 decomposed method was solved in 43 iterations and the integrated method was solved in 15 iterations. 533
The comparison shows that the integrated method requires less iteration. In a simple example network 534
with 5 nodes, the decomposed method was solved in 16 iterations and the integrated method was 535 solved in 12 iterations. The comparison shows that the number of the iterations of the decomposed 536 method increases with the size of the networks. 
Conclusions
540
The combined analysis was used to investigate the integrated electrical and heat energy networks. 541
Two methods for combined analysis were developed to investigate the performance of electricity and 542
heat networks as an integrated whole. Using the combined analysis, an engineering solution was 543
provided to the Barry Island case study. These two methods were the decomposed and integrated 544 electrical-hydraulic-thermal calculation techniques in the forms of the power flow and simple optimal 545 dispatch. The integrated method required fewer iterations and the number of the iterations of the 546 decomposed method increased with the size of the networks. 547
The combined analysis of integrated networks could be expanded by considering local decentralised 548 generation, such as local heat pumps or electric boilers installed at consumers and interconnected to 549 heat networks or the use of micro-CHP. The inclusion of thermal storage in a multi-time simulation is 550 also of interest. Other future work includes integration of more energy vectors and extension of the 551 model to further develop optimisation capabilities to minimise energy losses, costs and carbon 552 emissions in integrated energy networks. In the analysis of a heavily coupled multi-vector energy 553 networks, the integrated electrical-hydraulic-thermal method will play an important role due to its 554 flexibility and capability. 555 556 [2] M. Geidl and G. 
